A nonnegative multidimensional matrix is called polystochastic if the sum of its entries over each line is equal to one. We prove that the permanent of every 4-dimensional polystochastic matrix of order 4 is positive.
Introduction
Let n, d ∈ N, and let I d n = {(α 1 , . . . , α d ) : α i ∈ {0, . . . , n − 1}} be the set of indices. A ddimensional matrix A of order n is an array (a α ) α∈I d n , a α ∈ R. Given k ∈ {0, . . . , d}, a k-dimensional plane in A is a submatrix obtained by fixing d − k indices and letting the other k indices vary from 1 to n. A 1-dimensional plane is said to be a line.
A matrix A is a (0, 1)-matrix if all its entries are equal to 0 or 1, and A is a nonnegative matrix if for all α ∈ I d n we have a α ≥ 0. A nonnegative matrix A is polystochastic if for each line l it holds α∈l a α = 1. 2-dimensional polystochastic matrices are called doubly stochastic.
A partial diagonal p of length m of a d-dimensional matrix A of order n is a set of m indices (α 1 , . . . , α m ) such that ρ(α i , α j ) = d for all i = j, where ρ is the Hamming distance. A partial diagonal (α 1 , . . . , α m ) is positive in a nonnegative matrix A if a α i > 0 for all i ∈ {1, . . . , m}. Let a diagonal be a partial diagonal of length n, and let us denote by D(A) the set of all diagonals of a matrix A. We define the permanent of A to be perA = p∈D(A) α∈p a α .
The well-known Birkhoff theorem states that every doubly stochastic matrix not only has a positive permanent but can be decomposed into diagonals.
Theorem 1 (Birkhoff). Let A be a doubly stochastic matrix of order n. Then
where P 1 , . . . , P k are diagonal matrices, θ 1 , . . . , θ k are nonnegative, and Meanwhile, it is not hard to construct odd-dimensional polystochastic (0,1)-matrices of even order that have a zero permanent [1, 4] .
For other parities of order and dimension, no polystochastic matrices with zero permanent have been discovered. So in [1] the author put forward the following conjecture. Conjecture 1. The permanent of every polystochastic matrix of odd order or even dimension is greater than zero.
Due to the equivalence between transversals in latin hypercubes and permanents of polystochastic (0,1)-matrices, Conjecture 1 generalizes Ryser conjecture [3] on existence transversals in latin squares of odd dimension and Wanless conjecture [4] on existence transversals in latin hypercubes of odd order or odd dimension. In [1] it is proved that Conjecture 1 is true for all polystochastic matrices of orders 2 and 3, and in [2] it is verified for all polystochastic (0,1)-matrices of order 4 and even dimension.
The main result of this note is a new supporting case for Conjecture 1.
Theorem 2. The permanent of every 4-dimensional polystochastic matrix of order 4 is greater than zero.
Auxiliary results
A k × m row-latin rectangle R is a table with k rows and m columns filled by m symbols in such a way so each row contains all m symbols. A transversal in the rectangle R is the set of min {k, m} entries of R hitting each row, each column and each symbol no more than once. Two row latin rectangles are said to be equivalent if one can turned to the other by row, column and symbol permutations.
Lemma 1. Up to the equivalence, the row-latin rectangle
is the unique 4 × 3 row-latin rectangle with no transversals. Moreover, if we change any symbol of this rectangle to other, then we get (not row-latin) rectangle with transversal.
Proof. Let us list all 4 × 3 row-latin rectangles up the equivalence:
-latin rectangle, except one, a transversal is underlined. The demanded property for the rectangle with no transversals is verified directly.
Lemma 2. Let A be a doubly stochastic matrix of order 4 and p be a positive partial diagonal of length 2. Then there exists a positive partial diagonal p ′ of length 3 containing the partial diagonal p.
Proof. Assume p = (α 1 , α 2 ). By the Birkhoff theorem, there exists a positive diagonal r such that α 1 ∈ r. From the definition of diagonal it follows that there exists index α ∈ r satisfying ρ(α, α 1 ) = ρ(α, α 2 ) = 2. So we suppose p ′ = p ∪ {α}.
Proof of the main result
In this section we prove Theorem 2.
Proof. Let A be a 4-dimensional polystochastic matrix of order 4.
Step 1. Without loss of generality, assume that a 0,0,0,0 is greater than zero. Consider the 2-dimensional plane B composed of indices of the form ( * , * , 0, 0), where * means arbitrary symbol from {0, . . . , 3}. The matrix B is doubly stochastic, so by the Birkhoff theorem, it contains a positive diagonal. Without loss of generality, let entries of the matrix A with indices (i, i, 0, 0), i ∈ {0, . . . , 3} be positive.
Step 2. Let us denote by B i the 2-dimensional planes of A composed of indices (i, i, * , * ). As before, each B i is a doubly stochastic matrix and assume that p i = (i, i, β are positive and that all other indices of the form (i, i, β, γ), where i ∈ {0, . . . , 3} and β, γ ∈ {1, 2, 3}, are equal to zero.
Step 3. For k ∈ {1, 2, 3} denote by C k the 2-dimensional planes of A composed of indices ( * , * , k, k). Note that the doubly stochastic matrices C k contain positive partial diagonals of length 2 formed by indices (0, 0, k, k) and (1, 1, k, k) . By Lemma 2, each such diagonal can be extended to a positive partial diagonal of length 3 by indices (µ k , ν k , k, k), µ k , ν k ∈ {2, 3} with µ k = ν k .
Note that if for some k 1 , k 2 it holds µ k 1 = ν k 2 = 2 and µ k 2 = ν k 1 = 3 then we have a positive diagonal
in the matrix A, where k 3 = k 2 , k 1 . Therefore, the last chance for A do not have a positive diagonal is that for each k ∈ {1, 2, 3} all entries with indices (2, 3, k, k) are positive and all entries with indices (3, 2, k, k) are zero (or vice versa).
Step 4. For each k ∈ {1, 2, 3} consider the line composed of indices of the form ( * , 2, k, k). Note that this line contains two zero entries, namely entries with indices (2, 2, k, k) and (3, 2, k, k). If we suppose that an entry with index (1, 2, k, k) is zero too, we obtain a contradiction with polystochaticity of the matrix A since in this case we have a 0,2,k,k = 1 and a 0,0,k,k > 0. Therefore, all entries a 1,2,k,k are greater than zero. By similar reasoning, we have that for each k ∈ {1, 2, 3} entries a 3,1,k,k are positive. But then the matrix A again has a positive diagonal, for example: 
The 4-dimensional matrix A of order 4 after the last step. + denotes a positive entry, 0 is a zero entry, dots are used for insignificant entries. Subscript indicates the step number when entry is specialized.
